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LETTER TO THE EDITOR

Factorisation of operators and coupled nonlinear evolution
equations

A Kh Fridman and M M El'yashevich
Heat and Mass Transfer Institute, BSSR Academy of Sciences, BSSR, USSR

Received 10 January 1979

Abstract. Pairs of coupled nonlinear evolution equations are considered. Factorisation of
the L-operator that relates the equations in such pairs may be realised by the operators of
creation and annihilation of solitons, and yields the unitary scattering operator for the
processes of collision of arbitrary wave disturbances with solitons as well as a new form of
the Bécklund transformation.

We consider the equations (Korteweg and de Vries 18935, Toda 1967)
U+ OUUy ~ Uy, =0 1)
Un v)e = fe—1/2 = dkes1/2, (i) = Vk-1/2— Vk+1/2 ()
which belong to the Lax class of exactly solvable equations (Lax 1968)
L,=LA-AL. 3)

The remarkable feature of this class of equations is the existence of soliton solutions
which behave like one-dimensional particles. Each soliton corresponds to one discrete
eigenvalue of the L-operator. This fact allows us to use the quantum mechanical
factorisation method (Infeld and Hill 1951, Green 1965), which is a conventional tool
for investigating the characteristics of the discrete spectrum of operators.

The present Letter extends the factorisation method to investigate the soliton
dynamics for nonlinear evolution equations.

Consider a factorisation of the L-operator for equations (1) and (2),

L=H*H-a? @)
where * means conjugation, and H is given by

H=g4+d/dx (5)

H =exp (3 d/dk)di + ik exp (—} d/dk) (6)

for (1) and (2) respectively. Representation (4) allows us to build the following
equations coupled with (1) and (2):

b+ 6820, — lixgx =0 (7
(In B)e = Te—1/2— Tks1/2 (In i) = Bk—1/2 = Bk s1/2- (8)
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For these equations, expression (3) may be realised by the (L, A)-pair
. (0 H *) - (A7 O
= , A= ( ) 9
L (H 0 0 A ®

where A; and A, have the form of the A-operator for the initial equations and depend
on

~2 - 2 ~ ~ 2
wm=u"+i,—a, U=U—l,—a (10)
and
e = Bk + Oicr1/2, Uik = [lk-1/2
. (11)
D = Uk + lk+1/2, U2k = Uklk-1/2

for equations (7) and (8) respectively. Expressions (10) and (11) follow directly from
the representation

L}=[*A-Ar?
and are recognised as the generalised Miura transformations (GMTs) which connect

two solutions of one nonlinear equation (1) or (2) with solutions of a new equation (7) or
(8). These transformations can be written in the operator form

L,=H*H-a?, L,=HH*-a>. (12)

Elimination in these equalities of the solution with the ‘tilde’ yields the expression
which relates directly two different solutions of (1) or (2), or the so-called ‘spatial part’
of the Backlund transformation (BT).

An essential moment of the further consideration is the fact that GMTs have the
form of the Riccati equation for solutions with a ‘tilde’. This allows us to consider three
different solutions distinguished by asymptotes at x - +co0, For instance, for (10)

Uin(£00, t) = —a, Hou(£0, 1) = a, iz, 1) = xa.

As will be shown below, the indices ‘in’ and ‘out’ which are introduced here relate these
three solutions to the problem of collision with solitons.
Such ambiguity of GMTs yields three possible factorisations of the L-operator:

Li=H}{H,-a’=H!Hyu—a’=H*H -a? (13)
LZin=HinHi=':1 _az, (14)
Laow= HouH ¥y —a?, (15)
L,=HH*-a> (16)

The potential u, of the operator L{u,) has the following asymptotic form at ¢ > Foo
(Perel’'man et al 1974),

y { Uin—2a° sech? ax, t>—00 (17)
27 1 —2a% sech? (ax — 8) + tou, t->00, (18)

and describes the process of collision of disturbance u;, with a soliton for equation (1).
The potentials uz;, and uzo.. Of the operators L(uz2i,) and L(u20.:) have asymptotic forms

U2in = Uin, {>—00 (19)

Uzout > Uouts >0, (20)
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In order to solve the collision problem (17), (18), it is necessary to express Uoy: in terms
of Uin.
We determine the unitary scattering operator S,

Vaour = S Wain, (21)
where

LinWain=k z‘pzim LiouWrou =k 2‘1'20‘.\:,

Lh=ab, () Kea-at
From (14), (15) and (21), the next equivalent definition follows,

Hou = SHi,

or, in the explicit form,
S =H,.WH (22)

where W is the weight operator, which in the representation of eigenfunctions of the
operator L(u)is A -2
According to Fridman and El’yaserich (1976), i may be expressed in terms of u, as a

series of o ' powers. Consider 7 at t > Foo:

. {din+a tanh aX, t>—00
a tanh (ax — 8) + ioue, t— 00,

Thus for equation (7) we have the process of scattering of disturbance #;, with a shock
wave, the scattering operator for which is related to the operator (22),

. 1 0)

= . 23

Sa=(y g (23)
ie.

\i,ou! = S'sh‘ifina (24)
where

N . . 0 HX

Lin\Pin - /\\I,im Lin - (Hl 0 >,

. . 0 HE
Lout\l’out =AV¥oues Low= (Hout (; t) .

In conclusion, the scattering operator for collision i, with a soliton of equation (7) is
x S; O

$eo =( ) 25

=\o s, (25)

where §; and S, describe scattering disturbances u1;, and uzi,, which are defined by
(10}, with a soliton for equation (1).
The investigation which has been undertaken for equations (1) and (7) is fully

applicable to (2) and (8). The scattering operators S, S., and S, are built from H and
H* defined by formula (6).
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An action of the operators H;,, Ho. and H on the eigenfunctions of operators L(%;)
and L(u,) may be analysed best of all in terms of scattering data (or through the
variables ‘angle-action’), since it is defined by an asymptotic behaviour of these
operators. Consider, for example, the scattering data for operators L(u),

{S(k); ki, w? ()} (26)
{S(2); zi wi (@)} 27
for equations (1) and (2) respectively, where S(k) is the reflection coefficient, k;, z; the
discrete eigenvalues, and y.,-2 (#) the normalization of eigenfunctions. Then the action of

H;, and H,,, on (26) and (27) yields the scattering data for operators L(us;,) and
L(u2out)a

{s0(3) ™ b, w0 2% (8)

a—ik 1/2' 5, etk
{s(E) ket 29)
{S(z)COSh (¢ +ig./2) 2 1200) cosh (¢ + ¢:/2)

cosh (6 —i¢./2)" """ sinh (¢ + ¢:/2) sinh (¢ — ¢/2)’
cosh® (¢ +¢,/2)
cosh’ (¢ — ,/2)’
cosh® (¢ — ¢:/2)

i=1,...,Ny;

z w2 (0) j=N1+1,.u.,N} (30)

Ry ey R rrrreyprryewry: SRR TR Y
z u%(:)cc‘:)s:;‘: ((j;:// 22)), J=Ni+1,... ,N}, (31)
where
(va)in> €%, In| > co; (V)ow > €%, In|~>c0;
arg z =e*s, r;lod z;=¢e%,
argzj={2k”’ j'=1,...,N1
2k + 1), j=Ni+1,...,N.

Itis clear that the scattering operator S transforms the scattering data (28) and (30) into
(29) and (31) respectively.

The situation is different when the operator H acts on the scattering data (26) and
(27). This operator adds one discrete eigenvalue to the spectrum. Introducing the
index n, which describes the number of solitons in the system, we have

Hn+1q,n =A \I,n+1
H:+l V=AY,
where the operators H, and H) may be interpreted as the operators of creation and

annihilation of solitons. This allows us to construct the spatial part of the BT for
equations (7) and (8):

HHY -al=H¥ H,,,—a?,,. (32)
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It is interesting to note that unlike the GMT or BT for equations (1) or (2), formula (32)
couples the H-operators with different indices n.

Besides, it follows from (28), (30) and (29), (31) that for scattering with solitons the
variables ‘action’ do not change while the variables ‘angle’ acquire a jump.

The treatment given above allows the consideration of the following equations:

O+ 020, + 00 =0 (33)
(Ni)e = Nie(Nigs1 = Ni-1). (34)

In these cases it is more convenient to factorise the square of the L-operators. In
particular, for equation (33) L? may be expressed as

0 1Na (0 &
= * —_ 2 = —+( ‘)_
L=H*H-a? H (1 o)ax 5 0 (35)

For equation (34) L? represents the L-operator for the Toda (1967) lattice, and
factorisation leads to the equation

(Ni)e = (A% = N2)(Nics1 = Ny, (36)

Further consideration of equations (33) and (34) is aimost exactly the same as discussed
above.
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